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We consider undirected graphs without loops or
multiple edges. Given a vertex a in a graph Γ, let Γi(a)
denote the ineighborhood of a, i.e., the subgraph
induced by Γ on the set of all its vertices that are a dis
tance of i away from a. Let [a] = Γ1(a) and a⊥ = {a} ∪ [a].
A strongly regular graph with parameters (v, k, λ, μ)
and with integer eigenvalues k, r, and s, where s < 0, is
called a Smith graph if
If vertices u and w are separated by a distance of i in
Γ, then bi(u, w) (ci(u, w)) denotes the number of verti
ces in the intersection of Γi + 1(u) (Γi – 1(u)) with [w]. A
graph Γ of diameter d is called a distanceregular
graph with the intersection array {b0, b1, …, bd – 1; c1,
c2, …, cd} if the values bi(u, w) and ci(u, w) are indepen
dent of the choice of the vertices u and w separated by
a distance of i in Γ for any i = 0, 1, …, d. Let ai = k –
bi – ci. The Taylor graph is a distanceregular graph
with the intersection array {k, μ, 1; 1, μ, k} (see [1]).
Let Γ be a distanceregular graph of diameter d ≥ 3,
and let θ0 > θ1 > … > θd be the eigenvalues of Γ.
According to [2], we have the fundamental bound
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A nonbipartite graph for which the fundamental
bound becomes an equality is called tight. The neigh
borhood of any vertex in a tight graph is a strongly
regular graph with eigenvalues a1, b
+, b–. It is well
known that a tight graph of diameter 3 is a Taylor graph
(see, e.g., [2, Theorem 3.2]). In this case, the neigh
borhood of any vertex is a strongly regular graph with
k' = 2μ'.
An incidence system with a set of points P and a set
of straight lines  is called an αpartial geometry of
order (s, t) (denoted by pGα(s, t)) if each line contains
s + 1 points; each point lies on t + 1 lines; any two
points lie on at most one line; and, for any antiflag
(a, l) ∈ (P, ), there are precisely α lines that pass
through a and intersect l. If α = 1, the geometry is
called a generalized quadrangle and is denoted by
GQ(s, t). The point graph of a geometry is defined on
the set of points P, and two points are adjacent if they
lie on a line. The point graph of pGα(s, t) is strongly
regular with v = (s + 1) , k = s(t + 1), λ = s –
1 + t(α – 1), and μ = α(t + 1). A strongly regular graph
with such parameters for some positive integers α, s,
and t is called a pseudogeometric graph for pGα(s, t).
Makhnev has proposed a program for the study of
distanceregular graphs in which the neighborhoods of
vertices are strongly regular graphs with given parame
ters. This program has been implemented in the case
of strongly regular graphs with the eigenvalue 2
(see [3]).
An antipodal distanceregular graph Γ of diameter 3
has (see [1]) the intersection array {k, μ(r – 1), 1; 1, μ, k}
and possesses v = r(k + 1) vertices and the spectrum
k1, nf, (–1)k, (–m)h, where n and –m are the roots of
the equation x2 + (μ – λ)x – k = 0, f =
, and h = .
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If μ ≠ λ, then the eigenvalues of the graph are inte
ger and the parameters of the graph can be expressed
in terms of r, n, and m: k = nm, μ = ,
and λ = μ + n – m. Since the multiplicities of the
eigenvalues are integervalued, we have the following
divisibility condition: n + m divides (r – 1)m(m2 – 1).
If r > 2, the Krein condition  ≥ 0 implies m ≤ n2. If
m = n2, then the neighborhood of any vertex is a
strongly regular graph with eigenvalues a1 = (n –
1) , n – , and n – . A graph
with m = n2 (equivalently, with  = 0) is called a
Krein graph of diameter 3.
Theorem 1. Let n + 1 = ru and Γ be a Krein graph of
diameter 3 with the intersection array {n3, (r – 1)u(n2 – 1),
1; 1, u(n2 – 1), n3}. Then the following assertions hold:
(1) For any vertex a ∈ Γ, the subgraph Δ = [a]
is a pseudogeometric graph for pGu –1 (ru – 2, ru2 – ru)
with eigenvalues (ru – 2)(ru2 – ru + 1), ru – 1 – u, and
–(ru2 – ru + 1).
(2) If n is a power of a prime number, then there exist
graphs Γ and Δ. Specifically,
(i) If r = , then there exists a graph Γ that is
locally a GQ(n – 1, n + 1)graph.
(ii) There exist pseudogeometric graphs for pG2(4,
12), pG3(6, 24), pG2(7, 18), pG4(8, 40), pG2(10, 24),
pG3(10, 36), pG5(10, 60), and pG6(12, 84).
Let Γ be an antipodal graph of diameter 4 and 
be the antipodal quotient of Γ. Then, by [1, Proposi
tion 4.2.2], Γ has the intersection array {k, k – a1 – 1,
(r – 1)c2, 1; 1, c2, k – a1 – 1, k}. If the Krein parame
ters vanish, we have the following three interesting
cases:  = 0,  = 0, and  =  = 0.
The equality  = 0 implies that  = 0 in  and
 is a Smith graph. Therefore, the neighborhoods of
vertices in Γ (which are isomorphic to the neighbor
hoods of vertices in ) are strongly regular. A graph
with  = 0 is called a Krein graph of diameter 4. The
following result concerning Krein graphs of diameter
4 is due to Jurisic [4].
Proposition 1. Let Γ be a Krein graph of diameter 4.
Then one of the following assertions holds:
(1)  is a Smith graph without triangles, and Γ has
the intersection array {k, k – μ, (r – 1)μ, 1; 1, μ, k – 1,
k}, where k = t3 + 3t2 + t and rμ = t(t + 1).
(2)  is a Smith graph with a1 > 0 and nonprincipal
eigenvalues t and s; and the nonprincipal eigenvalues of
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r
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the constituents of  are equal to t, s1 = , t,
s2 =  and either
(i) t = q – 2 and Γ is a tight graph АТ4(q – 2, q, r)
with the intersection array q(q2 – 2), (q2 – 1)(q – 1),
, 1; 1, , (q2 – 1)(q – 1),
q(q2 – 2) ;
(ii) Γ is a cover of the point graph of the generalized
quadrangle GQ(w, w2), w = t + 1 is odd, and 4w3 +
(w + 1)2 is a square; or
(iii) s and t are even, q = t + 2 and u =  satisfy
 ≤ u < q – 1, q(q – 1) – u divides (q – 2)2(q – 1)2q,
and the expression 4u4(q – 2)2 – 4u3(q – 1)(q3 – q2 –
6q + 10) + u2(q – 1)2(q4 + 6q3 – 15q2 + 12q + 20) –
2u(q – 1)3(q(q + 1)(q2 + 4)) + q2(q – 1)4(q + 2)2 is a
square.
We show that case (2)(ii) is not possible. Let w =
2l + 1. Then 4w3 + (w + 1)2 = 4(8l3 + 12l2 + 6l + 1) +
4(l2 + 2l + 1). Therefore, 8l3 + 13l2 + 8l + 2 is a square.
If l is odd, then 8l3 + 13l2 + 8l + 2 is congruent to 3
modulo 4. If l is even, then 8l3 + 13l2 + 8l + 2 is con
gruent to 2 modulo 4. In either case, we obtain a con
tradiction.
By Theorem 5.2 in [2], Γ is tight if and only if
= 0. If Γ is a tight graph with a neighborhood of a
vertex having nonprincipal eigenvalues p = b+, –q = b–,
then all the parameters of Γ can be expressed in terms
of p, q, and r. In this case, Γ is said to be an antipodal
tight graph of diameter 4 with parameters p, q, r
(AT4(p, q, r)graph). The results obtained by Koolen
and Jurisic [2, 5] for AT4graphs are stated as the fol
lowing proposition.
Proposition 2. Let Γ be an АТ4(p, q, r)graph. Then
Γ is a graph with the intersection array q(pq + p + q),
(q2 – 1)(p +1), , 1; 1, , (q2 –
1)(p + 1), q(pq + p + q)  and the following assertions
hold:
(1) If p = 1 or r = p + q, then Γ is a Conway–Smith
graph with (p, q, r) = (1, 2, 3).
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(2) If q = 2, then Γ is a Johnson graph J(8, 4) with (p,
q, r) = (2, 2, 2), a half8cube with (p, q, r) = (4, 2, 2),
or a Conway–Smith graph.
(3) If (p, q, r) = (qs, q, q), then Γ is a Johnson graph
J(8, 4), a half8cube, a 3 (3)graph with (p, q, r) =
(3, 3, 3), the second Meixner graph with (p, q, r) = (8, 4,
4), or a 3O7(3)graph with (p, q, r) = (9, 3, 3).
The central result in this work is the following one,
which was obtained by Makhnev.
Theorem 2. There do not exist AT4(q – 2, q, 2)
graphs.
In view of the remark on case (2)(ii) in Proposition 1,
we have the following result.
Theorem 3. Let Γ be a Krein graph of diameter 4.
Then one of the following assertions holds:
(1)  is a Smith graph without triangles, and Γ has
the intersection array {k, k – μ, (r – 1)μ, 1; 1, μ, k – 1,
k}, where K = t3 + 3t2 + t and rμ = t(t + 1).
(2)  is a Smith graph with a1 > 0 and nonprincipal
eigenvalues t and s; and the nonprincipal eigenvalues of
the constituents of  are equal to t, s1 = , t,
s2 = , and either
(i) t = q – 2, Γ is a tight graph АТ4(q – 2, q, r) (2 <
r ≤ q – 1) with the intersection array q(q2 – 2), (q2 –
1)(q – 1), , 1; 1, , (q2 –
1)(q – 1), q(q2 – 2)  and, for any vertex a of Γ, the sub
graph Γ2(a) is an antipodal distanceregular graph of
diameter 4 with the intersection array (q – 2)q2, (q –
1)3, , 1; 1, , (q –
1)3, (q – 2)q2  or
(ii) s and t are even and, for q = t + 2 and u = ,
we have  ≤ u < q – 1, q(q – 1) – u divides (q – 2)2(q –
1)2q, and the expression 4u4(q – 2)2 – 4u3(q – 1)(q3 –
q2 – 6q + 10) + u2(q – 1)2(q4 + 6q3 – 15q2 + 12q + 20) –
2u(q – 1)3(q(q + 1)(q2 + 4)) + q2(q – 1)4(q + 2)2 is a
square.
The following result holds for AT4graphs.
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Theorem 4. Let Γ be an AT4(p, q, r)graph, u be a
vertex of Γ, and Δ = [u]. Then the following assertions
hold:
(1) If p = αq, then Δ is a pseudogeometric graph for
pGα(α(q + 1), q – 1), α + 1 divides 2(q2 – 1), α + q
divides q(q2 – 1)(q2 + g – 1)(q + 2),  is
even, r(p + 1) ≤ q(p + q), and r divides q(α + 1).
(2) If Δ is a graph without triangles, then Γ is a Con
way–Smith graph or the first Soicher graph with (p, q, r) =
(2, 4, 3).
(3) If q = p + 2, then
(i)  is even, 2 < r < p + 2, r divides
2(p + 1), and Γ is a graph with the intersection array
(p + 1)(p + 2)2, (p + 3)(p + 1)2, ;
1, 1, , (p + 3)(p + 1)2, (p + 1)(p + 2)2 .
(ii) The antipodal quotient  is a graph with param
eters , (p + 2)(p2 + 4p + 2, p(p + 3),
2(p + 1)(p + 2)  and eigenvalues p, –(p2 + 4p + 4).
(iii) The second neighborhood of a vertex in  is a
strongly regular graph with parameters ((p + 1)(p + 3)(p2 +
4p + 2), p(p + 2)2, p2 + p – 2, 2p(p + 1)) and eigenvalues
p, –(p2 + 2p + 2) that has a distanceregular rcovering
with the intersection array p(p + 2)2, (p + 1)3,
, 1; 1, , (p + 1)3, p(p + 2)2 .
(4) If p ≤ 4, then either
(i) Γ is a Conway–Smith graph or a Soicher graph
with (p, q, r) = (2, 4, 3),
(ii) Γ is a 3 (3)graph or p = 3, q = 5, r = 4, and
Γ has the intersection array {115, 96, 30, 1; 1, 10, 96,
115}, while Γ2(u) has the intersection array {75, 64, 18,
1; 1, 6, 64, 75}, or
(iii) Γ is a half8cube or (p, q, r) = (4, 4, 2) and Γ
has the intersection array {96, 75, 16, 1; 1, 16, 75, 96},
or (p, q, r) = (4, 6, 5) and Γ is a graph with the intersec
tion array {204, 175, 48, 1; 1, 12, 175, 204} and Γ2(u)
is a graph with the intersection array {144, 125, 32, 1; 1,
8,125, 144}.
(5) If q ≤ 4, then either
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(i) Γ is a Johnson graph J(8, 4), a half8cube, or a
Conway–Smith graph,
(ii) Γ is a 3 (3)graph, 3O7(3)graph, or (p, q, r) =
(p, 3, 2), Γ is a graph with the intersection array 3(4p + 3),
8(p + 1), , 1; 1, , 8(p + 1), 3(4p + 3)
and p = 9, 21, or
(iii) Γ is a half8cube, the second Meixner graph,
the first Soicher graph, or r = 3, Γ is a graph with the
intersection array 4(5p + 4), 15(p + 1), , 1; 1,
, 15(p +1), 4(5p + 4)  and p = 8, 20, 44, 56,
116, or r = 2, Γ is a graph with the intersection array
{4(5p + 4), 15(p + 1), 4(p + 4), 1; 1, 4(p + 4), 15(p + 1),
4(5p + 4)} and p = 8, 9, 20, 21, 44, 56, 116.
Let n + 1 = rи, Γ be a Krein graph of diameter 3
with the intersection array {n3, (r – 1)u(n2 – 1), 1; 1,
u(n2 – 1), n3}, a be a vertex of Γ, and Δ = [a]. It was
proved in [6, Lemma 5.3] that Δ is a strongly regular
graph with parameters v = n3, k = (n –
1) , λ = r  + r – 3, μ =
 and with eigenvalues k, n –
, n – . Therefore, Δ is a pseudogeometric
graph for pGu ⎯ 1(ru – 2, ru
2 – ru) with eigenvalues k =
(ru – 2)(ru2 – ru + 1), ru – 1 – u, ru – 1 – ru2. The
integervaluedness assumption, i.e., (u – 1)(ru2 – u)
divides (ru – 2)(ru – 1)(ru2 – ru)(ru2 – ru + 1), holds
true.
Lemma 1. If n is a power of a prime number, then the
following assertions hold:
(1) If r = , then there exists a graph Γ that is
locally a GQ(n – 1, n + 1)graph.
(2) There exist pseudogeometric graphs for pG2(4,
12), pG3(6, 24), pG2(7, 18), pG4(8, 40), pG2(10, 24),
pG3(10, 36), pG5(10, 60), and pG6(12, 84).
Proof. If n is a power of a prime number, then, in
view of the remark presented after Lemma 5.2 in [6],
Γ exists; therefore, Δ exists as well. If r = , in view
of [7], there exists a graph Γ that is locally a GQ(n – 1,
n + 1)graph.
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For graphs with n ≤ 13, pseudogeometric graphs
exist for GQ(4, 6) and pG2(4, 12) (n = 5); for GQ(6, 8)
and pG3(6, 24) (n = 7); for pG2(7, 18) (n = 8); for GQ(8,
10) and pG4(8, 40) (n = 9); for GQ(10, 12), pG2(10, 24),
pG3(10, 36), and pG5(10, 60) (n = 11); and for GQ(12,
14) and pG6(12, 84) (n = 13). Lemma 1 and Theorem 1
are proved.
Lemma 2. AT4(q – 2, q, 2)graphs do not exist.
Proof. Let Γ be an AT4(q – 2, q, 2)graph with the
intersection array {q(q2 – 2), (q2 – 1) (q – 1), q(q – 1),
1; 1, q(q – 1), (q2 – 1)(q – 1), q(q2 – 2)}. Then the
neighborhood of a vertex u in Γ is a strongly regular
graph with parameters (q3 – 2q, (q + 1)(q – 2), q – 4,
q – 2) and, by Theorem 5.8 in [4], for any two vertices
y and z separated by a distance at most 2 in Γ2(u), we
have |[u] ∩ [y] ∩ [z]| = q – 1. From this, for any two
vertices w, w' ∈ [u], it is true that |[w] ∩ [w'] ∩ Γ2(u)| =
q2 – 2q + 1.
Thus, the pair ([u], Γ2(u)) is a quasisymmetric
(q(q2 – 2), (q2 – 2)(q2 – 1), (q2 – 1)(q – 1), q(q – 1),
q2 – 2q + 1)scheme in which any two blocks intersect
in 0 or q – 1 points.
By [8, Theorem 5.3], a block graph of a scheme is
strongly regular with eigenvalues  =
q2(q2 – q – 1) – 1, q2 – 2q, – q and parameters ((q2 –
2)(q2 – 1), q2(q2 – q – 1) – 1, q4 – 2q3 + 2q2 – 3q – 1,
q4 – 2q3 + q2 – 1). The multiplicity of the eigenvalue
q2 – 2q is ,
which contradicts the fact that the numerator of the
fraction is not divided by q. The lemma and Theorem 2
are proved.
Lemma 3. Let Γ be an AT4(p, q, r)graph, u be a ver
tex of Γ, and Δ = [u]. If p = 3, then either q = r = 3 and
Γ is a 3 (3)graph or q = 5, r = 4, Δ has parameters
(115, 18, 1, 3), and Γ has the intersection array {115,
96, 30, 1; 1, 10, 96, 115}.
Proof. Let p = 3. Then Δ has parameters (4q2 + 3q,
3(q + 1), 6 – q, 3). Furthermore, q + 3 divides q2(q2 –
1) and q2 + 3 divides q2(q2 – 1)(q2 + q – 1)(q + 2).
If q = 3, then Δ has parameters (45, 12, 3, 3). In this
case, r = 3 and Γ is a 3 (3)graph.
If q = 5, then Δ has parameters (115, 18, 1, 3) and
eigenvalues 3 and –5. By Lemma 2, the case r = 2 is
not possible. Therefore, r = 4 and Γ has the intersec
tion array {115, 96, 30, 1; 1, 10, 96, 115}.
If q = 6, then Δ has parameters (162, 21, 0, 3) and
eigenvalues 3 and –6. In this case, q2 + 3 = 39 does not
divide q2(q2 – 1)(q2 + q – 1)(q + 2).
The cases p = 4 and q = 3, 4 are treated in a similar
manner.
r 1–( )k xb– y–
y x–

q2 q2 q– 1–( ) 1 ) q2 q2 q– 1–( ) q 1–+( )–
q q4 2q3– q2 1–+( )

O6
–
O6
–
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